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TECHNICALMEMORANDUM1237

ON THEMOTIONSOFAN 0SC13XJLTINGSYSTEMUNDER

THEINFLUENCEOFFLEP%?LOPCONIMS*

By I.Fltigge+otzandK. KLotter

PARTI.-MOTIONSOFAN OSCILLATOROF ONEDEGREE
OFFREEDOM;CONTROLWITHREGULATOR-POSITION
CONTROLWITHOUTSHIFTINGSOFKEVERSALS.

S=a13.edfli~lop controls(alsocalled“on-off+ourse
controls”) arefrequentlypreferredto centinuouscontrols
becauseoftheirsiqle construction.Thustheysreused
alsoforthesteeringcontrolofairplanes.Sucha body
possesses- evenif onethinks,forinstance,onlyofthe
symmetriclongitudinalmotion– threedegreesoffreedom
sothata studyof itsmotionsundertheinfluenceofsn
intermittentcontrolisat leastlengthy.Thus,itis
suggestedthatan investigationofthebasiceffectof such
a controlfirstbe madeona systemwithonedegreeof

freedoml.Furthermore,we limitourselvesinthe-present
reporttothsinvestigationofan “~deal”controlwherethe
controlsurfaceimmediatelyobeysthecdmmandgivenhy the
“steeringcontrolfunction”.Thustheoscillationyro~erties
of thecontrols&facesnctthedefectsinlinkage,sensing
elemmt,emdmixingdevicesre,atfirst,neglected.As
longas thedeviationsfromthe“ideal”controlmaybe
neglectedinyractlce,alsothemotionofthecontrol

*“fierBewegungeneinesSchwingersunterdemEinflussv.on
Schwarz4eiss+teuerungen.“ Zentralefh wissenschaftliches
BerichtswesenderLuftfahrtfwschungdesGeneralluftzeugmeisters(ZWB),
UntersuchungenundMitteilungenNr.1326,Berlin,August1,1943.

1In csrryingouttheseinvestigationswewereeffectively
supportedby studycouncillorK. Scholz(DVL)andH.F. Hodapp(VIfS).
InthebeginningDr.Bader(DVL)elsoparticipatedintheinvesti-
gations.
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surfacetakesplaceat thebeatofthenio~ionofthe ‘- “’““
yrincipalsystem.TheaimofQW investigationisto
obtaina surveyoftheinfluenceofthesystemandcontrol

●-

coefficientsonthedampingbehaviorwhichistobe
attainede.

Outline:1.

2.

3*

4*

6.

7*

TheFliP+lopControl
Equation,Equationof
SystemsofTypeA &d
andb)

.
.-. ,-.

(System-iquation,73teering-Control–”‘
-.

motion,Steerin@ontrolFunction,
B, ReversalPointsofTypea —

TheFiniteEquationofMotion,theEquationforthe
—

ControlFunctionandItsDerivative

RepresentationoftheCourseofMotion._IlheGenerating
Motion.ThePhasePlane.ThePlaneof%heReversal
Values

:—..- .
=.—

DivisionofthePlaneoftheReversalPointsinto —
“Intercepts””and‘LimitPoints”(“StartingPoints”and
“EndPoints”,Respectively)andintoReversallointsa +
andReversal.Pointsb, Respectively

--
CurvescfConstantfitervalLengthVtl (Isochrones)in

—
a

thepl&e oftheReversalValuesandthe~ Particular
=

Casea

EnergyConsiderationandPeriodicSoluti&s

ComprehensiveDiscussionofthePossibleCoursesd Motion
(DiscussionFigures27 arid.28)

2Thesameproblem,althoughwithina somewhatnarrowerscope .
(onlysystemA),hasalxeadybeentreatedbyH.Bilharzina report
entitled“8bereinegesteuerteeindimensionaleBewegung”(Ona
controlledone-dimensionalmokion),Zeitschriftfb angewandte
Mathe.matikundMechanik,22,pp;206+?15).““Themethd”sof investi-
gationdiffer.E.13ilharzstressedpartictilythemathematical
representation,whereaswe strovetoemphasizethemechanicalside
oftheyroblem.Afterthereportshadbeenwrittenindependently,

—.

discussionsheldinccxmnonshowedcompleteagreementoftheresults.

..-
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1. TheI?lip+?lopCc&ro13(E@temEquatton,Steering4xstrolEquation,
&

EquationofMotion,Steerin@ontrolFunction,SystemsofTypeA

endB, ReverselPoWts ofTypea end.h.)

Thecontrolledmotionsofa vehicle(whichitselfisregarded
as & systemofonedegreeoffreedom)eredeterminedby twoequations:
a) theequationofmotionofthesystem(“systemequation”),b) the
steerin~ontroleq,,tion.‘Ihesysta equationmaybe”written,as a
rule,withgreateror smallerapproximations,inthe’fomn

where q) signifiesthequantitycharacteristicforthemotion
(controlorregulatedquantity)- thusforthecoursecontrolofa
vehicle,forinstance,thedeviationfromthecourse,~,theso-called
adjustmentquantity- forthecoursecontrolthecontrol+urface
deflection;thefactorN is occasionallydenotedas “control-surface
effectiveneSsn.

?Recentlya distinctioninregulationtechnfquehasbeenmade
letweentheconcepts‘regulation”and‘control”(RegulationTechnique,
Conce@sand@dools,editedby theVDI–Special.Comm3.tteefor
RegulationTechnique,outline,p. 3). A controlis s~okenof’only
whenthevariationinthepositionoftheregulatedquantitydoesnot
occuronthebasisofa measurementofthisquantitywhichistobe
influenced;everyvariationoftheregulatedquantitybasedona
measurementofthisquantitywhichi~tobe influencedl.scalled
regulation.Inthissenseeveryso-called“automaticcontrolofa
vehicle”alsoisa regulation.h thiscase,however,thedesignation
controlisretained,inagreementwithgeneralcolloquialusageinthe
techniqueofautomaticvehiclecontrolemd~srticulerlyinaviation
technique.Forflip-flopcontroltheoutlinementionedabove
suggeststhedesignation“open+hutregulator!’or “in+atregulator”
(elsewherep. 83). The“systemequaticm”(1.1)wouldbecalled,
accordingto thesesuggestions,“equationofthe-regulationdistance”,
thecontrolequation“equationoftheregulator”,etc. We limit
ourselvesheretothesedirectives.
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E’theregulationofthemotionisperformedbya controlwith,.
continuousvariationoftheregulatedquantity,thecontrolequation ““ .,z
readsingeneral

(1.2)

-.

Thenumberofthetermsinthesumsdependsonthenuniberofthe
sensedderivativesq, @ . . . . ? . andonthestructureofthe

—.

regulator(controlmachine)bywhichthenumberofthederiva-
ti~es’of~ isdetermined:-

I.U(1.2)forinstancetheequationof
positioncontrol

~=~g+~b

orofthesimpleflight-velocitycontrol
.

$=%~+%~

—.

thesimpleregulator

(1.2a)
*

(1.2b)

iscontained(withuseoftwosensedquantities).

By substitutionofthe”eq~tion(1.1)- solvedwithreswct
to p anddifferentiatedas oftenasnecessary- intheleftside

-—

of (1.2),thereresultsforthecoordina~eq a homogeneouslinear
differentialequationofhigherorderwithconstantcoefficients.It
describesthecontrolledmotionunderinvestigation.Therootsof
itssecul&requationfor@stancegiveinformationonthestability
behavior.

—
.—..-7——

.—
Inthisreporta so-calledflip-flopcontrol(alsocalled

on~ff-aoumecontrol),in contrastto a controlworkingcontinuously,
willbe investigated.Thecharacteristicofsucha controlconsists
inthefactthattheadjustmentquantity~ doesnotvarycontinu-
ouslyandproportionallytoa linearcombinationof,thq_sensed
quantitiet3cp,+, ~ . . . . . .,butcanassureonlytwoconstant
values+~o or -PO. Thecontrolequationreadsinthiscase,ifa 9
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linearccmibinationofthe
namelyF = Plq+ P@, is

B

5

twoquantities(p smd ~,
sensed:

= -P()SW(P19+ Pa) (1.sa)

or

ThefunctionF = PICP+ PA, thesignofwhichis in (1.3a)aswell
as In (1.sb)decidingthesignoftheadjustmentquantity~,willbe
calledthe(steering)controlfunctionbelow.

IXthecontrolfunctionF passesthroughzsro,theadjustment
qpantity13is,ina discontinuousmanner,‘reversed”fromits
positivevalue PO to itsnegativevalue -j30(orinversely).Thus

thepointswherethefunctionF passesthroughzeroarethe“reversal
yoints”ofthecontrol.As longas (likeinthisconsideration)the
zero-passage
mayconsider

ofthecontrolfunctionisdecisiveforthereversalsone
insteadof

F = P~qJ+ P#b

thefunction

F= q)+p$ (1.4)

(wherep = Pa/PI).Inthisrepcn?tthecontrolfuncttonwillalways
be usedintheform(1.4).

H p> O, thecontrolfunctionF shows,withrespectto the
deflection,a leadbythetimw tv;if p < 0, it showsa lag
by tn (cf.fig.1).

Besides,thetimeiscountedsothatfromeachreversalpoint
a countstartswith t =0. Thevaluescp(0)=qo and & (0)=@.
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arealsocalledthereversal.values.Becauseof F (0)= O the ‘“
relation

existsbetween
reversalpoint

A sy6tem,
alwaysdenoted

them.Letthe
be tl.

Q = -’?0/’$0

lengthofthe

.

(1.4a)

.

intervalbeforethenext

,.

thecontrolequationofwhichreadslike(1.3a),’is
belowas systemA; a system,thecontrolequationof —

whichreadslike(1.33), isdenotedas systemB. Thusoneshouldnote
—

thatthesignoftheadjustmentquantity~ varieswiththevariation
ofthesignofthecontrolfunctionF, lutthattwopossibilitiesof
coordinationexist;insystemA onehas “

Sgnf3=-sgnF -L .-— —

●

in systemB, incontrast,
—

●. -.
..

.—*

Sgnp =+sgnF . —— .

Regardlessofhowthecontrol+urfacedeflectionmayva& inthe
courseofa motion,thecorrelationbetweenthesignof ~ andthat ..
of F isa yriorideterminedby theapparatus.

If onesubstitutes(1.sa)or (1.31J)in (1.1),theequation

or

resultsasequationofthecontrolledmotionofthe
theuppersignisvalidfora systemofthetypeA,

.

—.

(1.~a)

.

system.In it
thelowerforone .
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of thet~e B. M = N% isthevalueofthecontrolmcment,

m= ~(s$nF)M (1.6)

whichstandsontherightsideoftheequation(1.aa);thus M isan
essentiallypositivequantity.

ThevariationofthecontrolfunctionF andofthecontrol
monumtwithtimeis showninfigure2afora systemA, infigure2b
fora system3.Furthermore,a reversalpointwherethecontrol
momentm jumpsfromitsnegativeto the~ositivevalueis calleda
reversalpointa, onewherethecontrolmcsnentJumpsfrczuthepositive
to thenegativevalue,a reversalpointh. Accordingto thesforesaid
itis clearthatinthesystemA at a reverselpointa thecontrol
function.F passesthroughzerofrompositivetonegative
values(F< O),alreversalpointh, incontrast,fromnegativeto
positivevalues(F> O),whereasthiscorrelationisreversedinthe
systemB.

Intheform(1.5a)oftheequationofmotionfourparameters,at,
br,ctand M, appesr;furthemnorealJtermshavethedimensionofa
momnt (ageneralizedforce).Afterdivisionby theinertiafactor
(themcznentofinertia)a’theequation(1.5a)assms theform

.

thenumberofparametersbeingreducedto.three,D,m, b; nowall
termsoftheequationhavethedimensionofanangularacceleration.
Thesignificanceis (ascustomsryin oscillationtheory) ,

~2 = ct~at; D = b*/2@7 andb = M/at

Theuppr signontherightsideagainappliesto systemsofthe
t~ A, theloweroneto systemsofthetypeB.

Occasionallyinsteadoftheform(1.n)a furtherformofthe
equationofmotionis ofadvantage;itresultsfrom(1.5b)after
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divisionby mz andreads
.—-

Herealltermshave
Finally,“witha new
derivativebecomes

thedimensionofthecoordinatep itself.
independentvsriableT =“r..ubduetowhichthe

ldd
—

-—= —
u dt dT

. .

thedifferentialequation(1.5c)couldhe changedtotheform

@’+2rq’+q)= ~(sgnF)~~ (1.5d)

.

-.

.
. .

whenthederivativeswithrespectto T are denotedby dashes.

Inallnumericalcalculationswe shallfurtheronpfitthe

paramter”h/u2=M/e? eq@. tounity.Thismeansthatthescales
usedforplottingtheresultsareat ourdisposal.The
parameterb/u2 signifiesthedeflection(~gle)q = (pdthatthe

controlmomentM producesontherestoringsFringcl. This
“staticndeflectionqd thenistheunitofthevariable”p. Or,in
otherwords,insteadofthequantitycp,thenewquantity~ = @@d
isusedasthedeyendentvariable.
ultimatelyobtainsthefinalform:

,

q!!+ z~t +

Thusthedifferentialequation

@ = 7(sgnF) (1.5e)

Ofthefourparametersal,b~,c’,and M appearingin (1.5a)
orthethreeessenthlparaimtersD,m, and b~~2=M/et appearing

In (1.5c),twoparameters,m ~d b/u2,have_beeneliminatedby the
measuresnmntioned,namely,first,differentcountoftime(or,

P, “ .. .. .

,

—-.

.—
.

—.
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respectively,useofderivatives.@/m,~/u2,etc.),second,havingthe-.$
scalesofthevariableqJ snd q/u at dis~osal(or,respectively,
differentcountofthedeflection)sothatas a sole~smmeterthe
dampingcoefficient.D remains.~ nothLngelseisnoted,thelatter
isputdownforallnumericalcalculationsas D = 0.1.

Forlettermaintenanceoftheillustrativequality,however,the
equationofmotionisnotusedintheform(1.5e);onestopsatthe
form(1.~)or (1.5c).

Thusonecalculateswiththetime t,usingagainas derivatives
onlyquotients@/m,@/m2,etc.;onemayalsocelculateinthe
coordinateq itself,bearinginmind,however,thatthelatteris
measuredona specialscale,sothattheunitdenotesthestatic
deflection~d.

.
2. TheFiniteEquationofMotion;theEquationfor

theControlFunctJionsndItsDerivative.

Thedifferentialequation(1.~)describesthemotionin sections
only.As soon’asthecontrolfunctionF changesitssign,another
differentialequationa~years,sincethedisturbancetermin (1.~)
changesitssign.Likewise,theintegraloftheeqyationofmotion,
thetti equationof themotion,app~iesforthatreasononlyto one
sectionbe~weentwozero-~assages‘%
reads

9= *W+ ,ew

thecontrolfunctionF; it

T (sgnF)~mat (2.1)

wherein

=-5+IV=h ++d=]
~=4-iv=ml [-D-~=] (2.2)

with b = T.~ snd V=O 1-D Ithasslreadybeenmntionedthat .
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—
thecofitofthetimeIneachintervalisto stsrtfromzero. The
timet= O denotesthebeginningofan tziterval;a-reversalyoint
islocatedthere.Thederivativeof (2.1)reads:

‘+

Sinceforattainmentofa

(2.3)

realsolutiontheintegrationconstantsA
andB mustbe conjugate-complex,theymaybewritten:_

A= cei~,B = Ce-i.$ —.

therewithonehasobtainedfor (2.1)and(2.s)
—

(2.la)

and --

[

?qt+ie 1+t-ie ‘-”
0= C Ale ++8. (2.3a)

A furtherusefulformoftheequation(2.sa)is obtainedby
expressingtheconjugate-ccmplexfactorsAl and ~ which,

becauseof m = o havethevalueu, hy thismagnitudeandthe-

k“‘
—

.-

.-

—...4

. .

1.

—.

—
.-

-.

—.
.:

r-

argument‘%:

A.1= @iu a,2= uw-iu ~ (2.4).

inversely,onethenhas
...-: ...

5Cosu=--= –D; sina=~=
u J=’ (2,,1 ~ -- -

a

.
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Thusoneobtainsinsteadof (2.sa)

[ 1i=~ew+l(=+d+*A&-i(+tf)
CD

11

(2.3h)
. .

Analogously,
maybe rewritten.

[

L t+m
F= Cel

~ (sgnF)

~ oneexyresses
theirmagnitude

1

thee~ressionforthecontrolfunctionF = Q + p@
Using(2.la)and(2.3b)oneachieves,first

(2.6)

theconjugate-complexfactors(inparentheses)by
Ct andtheirsrgumentim,

+ upei”. C?e4’;1 + we-i” . Cte-iT (2.7)

oneobtains
.

thereinthemagnitudeis

mxp +CS%2

andtheargmne’nt

T = ..ij. &
1 –-

(2.8a)

(2.8b)
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ThederivativeF of’thecontrolfunctionshowsthefactorsX.l
and ~ beforethee-functions.Theymayagainbe exmessed _ w—.
accordingto (2.4)bynmgnitudeandargument.Thusoneobtatns —

F
[

CC, exlt+i(c+m-v) + e~+i(e+a+q)—=
(D 1 (2.9)

Finallywe indicatehowtheintegrationconstant6C and e
arerelatedtotheinitialvaluescpOand @O/U:

(2.10)

[ 1‘an’=-T’%,ot&)_2a)

—
,..

—

—

.
. . .—

J(WI F)~ c)
. .-.

(2.6a)and(2.9)showthe”
.-Theequations(2.la),(2.3b),

.
functionscp(t),~, F(t),and ‘~. We statethemonce

morejsplittingthecoefficientsAl and’~ intothe-~real - - “”
andimaginaryparts: .-.. ._- .—

. ..-.
.

A

., .. . ..
.
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. ~e-m
[,
*i(vt+C)+ ~–i(Vt+Eq)(t) ?IT (sgnF)~

r 1$(t) _ @-5t *i(vt*+u) + ~-i(vt%+d)
o

Thebracketsmayalsobewritteninrealformaccordingto the
deMoivretheorem:

(Q(t) = 2ce4t cos(vt+E) 7 (sgnF)~

F(t)= 2CC’e+tCOS(Vt -i-E+T) ~ (s~F) ~ (2.13)
~2

‘M . zcc~e+t cos(~t + c +-U + T.)
u

In orderto prepareforlaterapplications,we indicateexplicitly
whatformthethirdequationof (2.13)assumesiftheintegration
constantsaxeexpressedby theinitialvalues:



—
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b’
.-.

F(t)= f (sgnF) ~ e+t cosvt~2 —

(2.14)

At the”reversalpointst =.O oneobtains

F(0)= O

and

.

.—

as onecanrecognizefrom ~ = @ + p$,usingthedifferential
equation(1.~).

..
.,,- ,.-— - -

(2.15) ‘-

oftheMotion.TheGenerating
.-

Ph.neofthe”Reversal–Values.

3. RepresentationoftheCourse

Motion.ThePhasePlane.The

In ordertorepresentthecourseofa motiononemay”usevarious
expedients.Thefirst,conventionalone,consigtsofplottingthe
variableq as a functionofthetime;thusoneoltainsthe
deflection-time+iagreun(~t+iiagram).Theordinateofthis
diagram,thedeflectionitself,maybe obtainedforspeci.51classes -
ofmotions(towhichalsobelongthoseofinteresthere)as the
projectionofa “generating”motion.Thegeneratingmoti& ofan
harmonicoscillationis,forinstance,a circularmotionwithconstant _.
angularvelocitya; a factwhichiswellknown”andoftenputtouse.

.

—

.<—.

..

.—.. ——

w“

-.

.



NACATM 1237 15

Thefunctionsq(t),~ and F(t) (cf.theequations(2.13))

allshowthesem.edem~ingfactor;thustheymayall.%e writteninthe
fOrm

Y= Ce+t cos(vt + a)+ Yo (3.1)

Suchfunctionsmay,however,be representedastheprojectionofthe
motionofa yointwhichmoveswithconstantangularvelocityv on
a spiral(displacedfromthezeropointby thedistanceye). Here ‘

themotionalongthes~iralisthe“generating”motion.Thespirals
whichleadto thefunctionsq, @/m,F, and F/m are congruent.
‘Theydifferonlyby theangleatwhichthestartingpointofthespiral
lies(or,respectively,bywhichthespiral.isrotatedcomparedtoan
initialposition).

The
takesin

fact%mentionedhereare
additionto

Y=ce -St.

thefunction

—

readilyunderstandable.~ one

Cos(vt+ a) (3.2a)

x= Ce4t sin(vt+ a)

andformseither

z =y+ix or r=- -

onearrivesatthecomplexorrealformoftheequationofa
logarithmicspiralintheform

(3.2b)

z = Ce(+iv)t+ia
(3.3a)
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w
.-

r = Ce-$ (’t) (3.3~)

Thus y(t) isone,x(t) theotherrectanguJsrprojectionofthe
motionofa pointonthespiral.

-.—..-— .
~..-.

Inthecomseofourcalculationswe havemadewideuseofthis
expedientofthegeneratingmotiononthes~iral.Thesolutionof
transcendentalequationswhichcontainexpressionsoftheform(3.1),
forinstanceF(t)= 0, Isthusyossibleina simplemanner.

—,..

Thephasecurve(curveinthephaseplane)formssmothermesms
forfollowingthecourseof’a motion.Coordinatesofthephaseplane
srethevariablescp and $ ormultiplesofthem;forusingvariables
of equaldimensionwe shallalwaysselectq--and@/uJ.me t~ t ..- .-
playsforsuch“pbse,curvesl’theroleofa parameter;to eachpoint

t.4 By differ-,ofa phasecurvetherecorrespondsa constant-value
entiatingtheequationrp= q(t) oneobtainsthesecond
equation,@/u. @(t)/u;bothequationstogether
by parametersofthephasecur%.

Fora harmonicoscillationtheequationof
diagramreads

9 =A cos(ut+ a)

forrathe.representation .*.-
..

.-
thedef~ection-time- _ .*“-:

(3.4)

thediagramrepresentsa cosfne-line.
.——

Forthe’curveinthephase
planetheparametric’representati.onis . -.<. — . -,. -

P =A cos(cot+ a) (3.4a)

~=+ Sin(ut+a) (30~+b)
al

4Phasedenotesingeneralphysicsanycomylexofthequantities ‘“
determinantfora state(preseureztemperature...).A stateofmotion
iscompletelydeterminedby thecoordinateandall~tsderivatives
withresyectto time;cp,~~$......determine-thephaseU a stateof
motion(theydetefinea pointinthephases?ace),q and @ =e two
ofthequantitiesdeterminantforthephaseof.amotion.Theyaxethe
coordinateofthephaseplane.Jha probl.em.”.ofthesecondorder”
thephaseisalreadycompletelydeterminedby-twoquantities.cp
and $. b

. ——

.

——

..- ..
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Theequationofthecurve,resultingby eliminationof t,reads

92+($)2=A2 (3.4C)

it isa circleoftheradiusA. Thusto a hsrmonicosci~ationa
circlecorrespondsaa generatingmotionaswellas phasecurve
(fig.3).

E a controlledmotionofthekindnamedin sections1 and2 is
describedintheyhaseplsme,allthereversalpointsfora certain
systemlieona straightline,the“lineofreversals”.Reversals
aremadewhen F = (p+ @ = O;however,Qnce
countalffostsxtsanew,q =qJo and @=qo.

or
CD.

in that casethetime
Thusoneobtains

(3.5)

Thusthereversalpointslieonthestraightline,theslope tana
ofwhichhasthevalue -u@. (E mp>0, thestraightlinesgo
throughthesecondandfourthquadrant,if @ < 0, throughthefirst
andthirdquadrant).

Thephasecurvesaresimilarto logarithmicspirals,butdo not
coincideexactlywiththem. Reallogarithmicsyiralsasphasecurves
areobtained,however,if oneplacesintothephaseplsmeinsteadof
a rectangular(rectilinear)coordinatesysteman obliquaed one.

Thiscaneasilybe provedwiththeaidoffigure4. Letthe
anglebetweenthenegativeabscissa-!xcis(-$/o-sxis)andthe
positiveordinateaxis(q–exis)be theobtuseangle c as it is
determinedasfunctionof D by theequations(2.5).E oneapplies
thecosinetheoremtotheshadedtriangle,oneobtains



.
—

.——.- —
—

..4
If q and $/u thereinareexpressedasfunctionsof-~thetime
accordingto theequations(2.13),thereresults

—.

r’ = 4C2eGBt
[
Cos’(vt”+e) + coe2(vt+=..

—

+_u) —
.-

-.—
,s

?

.-

,-

.-

.=

4.

~.

—

-.

.

.,,

.

.—

(3.6b)1-”’
—.

-2 Cos(vt+E) Cos(vt+6 + a] Cosu
----

---

Lsplittingof Cos(Vt+C)
yields

1+ u accordingtotheadditiontheoremthen
2

5 (Vt)
(2Csinu)e-v -- (3.7)r=

thustheequationofa logarithmicspiral.‘-” .
—

me linesofreversals,whichhave,as shownabove;ina rec–
tangularcoordinatesystemthe@eye tana =-, have--inthe
oblique-angledcoordinatesy”stemmentionedtheslope ttia = -tanT-
Thismaybe recognizedwiththeaidoffigure4. Fortheanglea

-.

—

plottedthereonefinds
—

tana=..
(JJOsinu m sinu “~.=-—

—

.—

(3.8)

F+)/~-p(j Cos0 l+upcosci

..-.

oftheequations”(2.5)and”(2.8)Hence,thenresults,withuse

.. . .,—=.>- -.
. .

tana=-

..-.,-
,.

thus

—

. . .. .—
Froniequation(3.7)

thepointofconvergence
also
.ofa

followsthatthe’~glesubtgmdedat
spiralbetweentheraystowardanytwo

-,

phasepointshasth=value vt;-thusitisa meaymefor_fiQti&
requiredby themotion.Henceit;follow&directlythatthe.qngle.
betweentheraystowardthepointsofretiersalhasthev~ue vtl
at thebeginningandat theendoftheinterval.

.—
.
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Sincefor
alwayslieson

systemA
theside

the-pointofconvergence
ofthelineofreversels

19

of thespiralarc
turnedawayfrom

thearc,forsystemB, however,onthesideturnedtowardtheSXC,
itfollowsimnediatel.y(cf.fig.7)thatforsystemA theangle

< >is Vtl= n,forsystemB vtl= TC (cf.also5).

Thefactthattheyhasecurveintheoblique+mgledsystemisa
logarithmicspiralgreatlyfacilitatesfolJowingthecourseofthe
motioneventhroughmanyintervals.Onedrawsseveralwindingsofa

–$ (Vt)o
s@ral r = e . Moreoveronedrawson a transp~entpaper
providedwith@lique+mgled’coordinatelines q md cp/m(cf.fig.6)
thepointsf b/m2 smdthelineofreversals.Thelineofreversals-
forthepointsofwhichthecontrolfunctionis F(t)= O -then
dividesthephaseplemeintovaluesprtalningtopositiveF(t) and
intovaluespertainingtonegativeF(t). Letthestartingpointof
themotionhe Pa (cf.fig.6). Thecontrolistobe handled

accordingto system.A. ThecontrolfunctionF =q+p@ hasat
thepoint Pa forthepositivep a yositlvesign. Thusthe

point +/ma mustbe fixedtothepointof convergenceoftheppiral,
endthespiralmustberotatedsothatitpassesthroughPa. The

firstpointof intersectionofthespiralwiththelineofreversals
thenistheinitialreversalvalue So. At thereversalpoint So,

F changesitssign. Onemust,.therefore,incontinuingthe

constructionofthephasecurve,fixthepoint b/u2 to thepoint
of convergenceofthespiral;onemaynowtiawthephasecurve
from So to tHenextreversalpoint ‘1“ Inthismannertheentire

courseofthemotionmaybe quicklyconstructed.

In constructingsuchphasecurvesoneobserveseasilytwo
peculiaritieswhichmayoccurinthecourseofthemotion.First,
intheproximityofthezeropointofthephaseylanetheremay
existreversalpointsstertlngfromwhichthephasecurvedoesnot
againmeetthelineofreversals(fig.7). Sucha “missing”ofthe
lineofreversalsmayoccuronlyinthecaseB, notinthecaseA,
howeverstrongthe“damping”maybe,forinthecaseA thepointof
convergenceofthesyirallies“behind”thelineofreversals.If
thephasecurvedoesnotagainmeetthelineofreversals,no
furtherrev’>rsaltakesplace.Startingfrcanthelastreverssl-point
thesamefunctions(p(t)and (@/m)(t)continuallydescribethe
motion.’Themotionisa dsmpedoscillationconvergenttuwardthe

.

.
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..

J

bpint qd = t —0*2 Thiscasewillbe treated

speaksthereofa “rest”ofthecontrol,the
called“restpoint”.

Thesecondpeculiarityofthecourseof

more

last

.—-.
thoroughly;one .

reversalyointbeing
—.—

motioncanaho be
easilyunderstoodfromthe-phasepattern(cf-.fig.8). We havefor
instancea systemA;we comefroma reversalyoint ~, thedistance
ofwhichfromthezeropointhastheorderormagnitudeb/02,to the
fartherS2 withouthavingintersectedthe $/m,-axis,andremain
thereforeat theleftofthezeropointonthelineof.reversals.
Ifwe nowcontinuewiththeconstructioninthecust-y manner,we
findthatthephasecurveattemptstorunfm–theronthesameside
of thelineofreversals,thatis,thecontrolfunctiorattained
in S2 thevalue O,butdidnot,huwever,changeitssign. Since,

however,the“zeropassage”is theconditionfora reversal,the
behaviorofthecontrolsurfaceisnotdeterminedhere. Onlyiffor
instancethereversalshouldoccursomewhatafterthezeropassage
of 1?(laggingofthecontrolsurface),we couldconstructfurther
(cf.fig.9). Onecanseethatthemotionthenassumesveryhigh
frequencyandthatitsdeflectionsdecrease.Thecasesleadingto
suchenundefinedbehaviorofthe“ideal”controlaretreatedin
detailin sections4 and7.

—

.

Inthefurthercourseoftheinvestigationinaddi~iontothe
..<

phaseplaneanotherplane,showinga closerelationshipto it.will
be usedfrequently.Inthephaseylanewiththecoordinatesq
and @/u themotionmaystillbe describedcontinuously;a yhase
curveformsthesequenceofallpointsof state.However,in our
furtherInvestigationswe shalloftenbe contentto coneiderinstead “ ““ ~
ofthesuccessionofallpointsofstatethe.se~uence,ofthereversal
points,that1s,ofthosevaluesq = q. and q/m= q@ which

existatthemoment”whenthezeropassageofthefuncti-mF takes
place.Thuefromthepointsofthephaseplanethereversal.
PointsCpOJ~~m (whichlieona straightline,thelineofreversals)

aresingledoutad usedforcharacterizationofthemobion.If one
againformsa planefromthelinesofreversalspertainingtoall
kindsof systems,oneobtainsthe qO – 1$~/u.)- plsmeor_@aneofthe
reversalvalues.Inthispl’aneofreversalvaluesthemotionofa.
systemis indicatedby a sequenceofyointsin”isolatedlocation.
Nofurtherinformationis ot)tainedconcerningthecourseofthemotj.on
betweenthereversslpoints.Theessentialcharacteristicsofthe
motion,however,- aboveall,thedamping,theincreaseofthe

—,.. .

.
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.

.

am~litude,etc.- maybe recognizedevenin sucha representation,for
thephasecurveserelogarithmicsyiralswitha pointofconvergence
lyingeitherat thepoint l/m2’or -1/u2.,Thusoneis certainthat
themotionbetweentworeversalpointsdoesnotshowanyyeculierities.
Thedampingofthemotionisassuredwhenthesequenceofthereversal
pointsconvergestowardzero.

Hawever,whereaswe placedan o%lique+.ngledsystemof coordinates
intothephaseplane,we shall.alwaysplacea rectangularoneintothe
planeofreversals.Thelinesofreversalsthenagainobtainthe
slopest~ a = +.cpOThisplaneofthereversalpoints,
the qO - q@l - plane,willbe discussedingreatdetaillateron.

An exampleis shownforillustration:Ofthemotionofa
systemrepresentedby thephasecurvesoffigure10 (heredrawnin
Certesian~oordinates)onlythqreversalpointsappesrin
the cpo- 9#J –plane (fig.11). Fortheprescribedsystemwith
constantvaluesp snd u thereversslpointslieonthestraight
lineoftheslopetsma = a. Thepointt3on straightlinesof
differentslopepertainto othersystems.However,itmusthe noted
thatthedifferenceinthedistsncesoftworeversalyointsfromthe
zeropointisnotyeta nwasurefortherateofdsmying.This
differencemeasuresthedampingperinterval.In orderto erriveat ~
a dsmpingvelocity,thelengthoftheintervslsalsomustbe taken
intoconsideration(cf.section6).

A periodicmotionis,forinstance,representedby tworevereal
pointsrepeatedsuccessivelyagainandagain(fig.12). However,
theseyointsneednotby anymeansdenotethemaximumdeflection
whichoccursduringthemotion;onthecontrary,msxinnundeflections
sxereversalpointsonlywhen $~m = O; suchpointslieonthe

ordinatesxis.

4. DivisionofthePlaneoftheReversalPointsinto“Intercepts”

and‘LimitPoints~(’~StartingPoints”and“EndPoints”s

Respectively),andintoReversalPointsa and

ReversalPointsb,Respectively

We stsrtoutconsideringthevariationwith
functionsF(t) and m(t),as it isrepresented

time ofthe
infigure2. The
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zerosofthecontrolfunctionF(t) denotethereversal.points.At
thesezeroyointsthefunctionF = q + @ ($/0)alwaysshowsa break,

because$/02jumps (asfollowsfromthedifferential--equation,for

instance(1.5b)).TheJiunpof “@/Y* ..ata r~verealpoint-.

2 (+0) - &.(-())=+a
—

forreversalpoirits
~2 ~2 ~2 —

$(~)+++ for.reversalpoints

is

a

(k.la)

b

Becauseoftherelationfollowingfromthedefinitionof F

i’b ~-=—
mu) + Q .,.2 -

thereresults,therefore,for
thebreakofthefunctionF,

●

~ (+0)
a)

at thereversalpoints1

: (+0)

w .

—

thejumpof fi/u,which@~acterizes
atthereversalpointsa thevalue

(k.li)
4

-g(4) =-2Jj _.

A positivevalueofthajump(rightsideof (4.lb))fordecreasing
functionF signifiesa “breakingawayfromthe-perpendicular”
(fig.13a),forincreasingfunctionF a “breakingtowardthe
pwpendicular”ifdesignationsareusedastheyarecus~omsryin . _. ,=
opticsfm theconsiderationoftheraypathatthelotideryof two —.
mediaofdifferentdensity.In contrast,a n8gativev~ye ofthejump
signifiesfordecreasingfunctionF a “breakingtowardtheperpen-
dicular”(fig.13b),forincreasingfunctionF a “bre~kingaway
fromthe-perpendicular!’.“Breaking towardtheperpendicular”increases. ~
theamountoftheslope,“breakingawayfromtheperpendicular”
reducesit. —..-

.

.
,
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If onenowconsiderswhatwassaidaloutthesignofthejumy
intheequations(4.lb),togetherwithwhatwassaidin section1
abouttheoccurrence
smdB, the-following

ofreversalpointsa and”b inthesystemsA
possibilitiesresult:

,
Table4/1

Uw>o

CDP<o

SystemA

breskingawayfrcm
theperpendicular

breakingtowardthe

Iper~endicular
Thecorrelationseraindependentofthe
points,whethera or h.

SystemB

%reskingtowardthe
perpendicular

breakingawayfrom
theperpendicular

“chsracter”ofthereversal

23

As anexsmple,we commentonthefirstcase: H C@ > 0, the
@m valuesare,accordingto (4.lb),yositiveatreversalpointsa,
negativeatreversalpoints1. However,inthesystemA the
functionF decreasesatreversalyointsa (wheretheJumpvalue
ispositive)sothattherea breakingawayfromtheperpendicular
occurs;atreversalpointsh (wheretheJumpvalueisnegative)it
increasessothatagaina breslcingawayfromtheperpendicularoccurs.
Theremainingthreecasesmaybe discussedcorrespondingly.

Fromthsfactthatthelreak(changein slope)whichthe
functionF showsatthereversalyointshasa finitevsl.ue,it
followsthatinthosecases(thatis,in quadrsatswherea breaking
“awayfromtheperyendiculsrnoccurs)‘~directionsof incidence!’exi@
towhichno “directionsofrefraction”on theothersideofthet-
sxiscorrespond;thusthefunctionF doesnotagainpasszeroand,
therefore,nomorereversalsoccur.Thesecasescorrespondtothe
totalreflectionsoftheopticalanalogy(shadedanglesectionin
fig.13a). Inversely,in caseofbreaking“towardthePerpendicular”
‘directionsofrefraction”existtowhichno “directionsofincidence”.
belong(fig.133). Thusinbothcasesnomorereversaloccurs;the
zero-points(reversal~oints)ofthefunctionF sreno longer
“intercepts”(ofthecontrolledmotion),but“limitpoints”wherethe
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motioneithermustend(“endpoints”)ormaystart(“startingpoints”).
Thedirectionsofincidencewithoutdirectionsofrefractionaswell
as thedirectionsofrefractionwithoutdirectionsofincidencelie .
IntheanglesectionsshadedLnfigures13aandb. Thelimitation.
oftheangle.spaceisgivenby theconditionthatforthedirection
ofincidenceorrefractionfi=-O. If!onesubstitutesfor fi the
expressionaccordingto (2.15),oneobtains o

—-

()602,2A-G u.)

When D<l, equation(4.2)
wellasforsystemB (lower

— ---
.

— -.—.

(4.2)

—

repr&entsforsystemA (uy~ersign)as
sign)twoellipsesinthe@ane of

reversals,since sgnF maybe either1 or..-l(fig.1~. Ifthe
thirdtermhasthenegative”sign,theequatiimdescribeetheupper ‘
ellipse,ifit$hasthepositivesign,it.&escribesIihe:lowerellipse.
On thebounderyoftheellipsesliethe“limitingcaseeoftotal
reflection”;withintheellipselielimityoints;outsideofit,
intercepts.

● Whetherthelimitpointslyingintheinterioroftheelliyse
areendpointsorstartingpotntsmaybe decidedforin%tanceinthe
followingmsnner:Forendpoints,breakingtiwayfromt~e.yerpe~
dicularalwaysoccurs;forstarting~oints,breakingtowardthe
perpendicular.!l%etable4/1;whichclassifiesthequadrantsin
thisrespect,gives,therefore,informationalsoaboutthequestion
whereendyointsandwherestartingpointsUs inthespaceinside
oftheelJlpses.Theresultsofthisconsiderationsre””plottedin
figures14aand14b. Theellipsesre~resentedby equation(4.2)are
occasionallycalledthe“smalllimitingellipses”to distinguish
themfromothercurvestobe discussedlater.

-.

-.

...

.
——.-

.

.-

As explainedin section1, thereversalpointsa ,andb
differby thesignwhichthefunctionF showsat the~ointzero.
Thefunction~(0)/uisgivenin (2.15).Thus ~(0)/mispositive
aqlongasbothfactors,~~m

.
&d thebracketsK, show.”thes“ame.“ .. ...-. . < ., x. ,.:.

sign;F/u isn?gativewhen-thefactorshave“different‘eigns.The
limltingcase F/u= O occurswhenthebracketsvanish;-the

—

significanceofthiscasewasdiscussedJustnow. TheequationK = O ,
representsthe‘*smalllimitingellipses”disc.u.ssedabove.Reversal
valuesqo~+J~ fromthespaceinsideoftheellipses–me ““

.

.

..
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for K < O;reversalvaluesfromthespaceoutsideoftheellipses
arefor K> O.

We inquirefirst:Whatregionsofthe q. – $ol~– ylane,for
thesystem.A, containreversalpointsa. To systemA pertainsthe
u~persignofthethirdtermin K (2.15)=Furthermore,onehasfor
everyreversalpoint a (cf.fig.2a)inthesystemA (afterthe
reversal)sgnF = –1. Therewiththete~ in questionassumesthe
negative.sign;thusofthetwo“smalJlimitingelli~sesnonlythe
upperone}sconsidered.”Reversalyointsa inthesystemA require,
moreover,FZO, thusdifferentsignsforthefactors$~m and K.

Intherightsemiplsnewhere $~u> O,K mustbe lessthan O;the
reversalpointsa lie,therefore,inthes~aceinsideofthe(upyer)
ellipse.intheleftsemiylanewhere @~u< O,K mustbe greater
than O; thereversalpointsa lieinthespaceoutsideoftho
sameellipse(cf.fig.15a).

If oneinvestigatesreversalpointsb, oneobtainssgnF = 1,
thethirdtermin K becomesposit;ve,theloweroneofthelimiting
ellipsesis of importance.SinceF/m mustnowbe greaterthan O,
thereversalpointsb liein therightsemiplanein thespace
outside,intheleftsemiplaneinthespaceinsideofthe(lower)
ellipse(fig.1~).

Theinvestigationof systemBisshnilar~found.Herethethird
termof K (2.15)hasthelowersign.Forreversalpointsa,
sign F = 1, sothatthenegativesi~ forthetermremains;by this
fact(asforreversalpointsa of syqtemA) theupperellipseapplies.
Thereversalpointsa requirethat F/u> O;theylieh theright
senr!.planeinthespaceoutsideendintheleftsemiplmeinthespace
insidethe (upper)ellipse.(Fig.15c.) Forreversalpointsb,
because-thesign F = –1,thelowerellipseis of hn~ortance;
sinceF/u < 0,thsreversed.pointsb lieintherightsemiplsneinthe
spaceinsideandintheleftsemiplsneinthespaceoutsidethe(lower)
ellipse.(Fig.15d.)

If onenowvisualizesthefigures15aand15bof systemA
superimposed,onecanseethatwithintheellipsesat theupperleftand
lowerrightno reversal,potits,eithera or b, aresituated.

.
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Thesepointswe recognizedin section3 as endpoints-ofthemotion.
In contrast,thestsrtingpointswhichliewithintheellipsesatthe
upperrightamdlowerleftareincludedintheconalderation,since.
thedefinitionofthereversalpointsmakesuseofthesignofthe
functionF afteryasslngzero,andthissignactuallyisexplained
forstartingpoints.Itevenbecomesevidentthattheselast-nemed
regionsexedoublycoveredoverwhen,figures”15aand15bare
superimposed,andthuscontainpointsoft~e a aswellas of
type b. Themotionmay,therefore,beginfromall.stsrtingpoints
Intwodifferentmanners.Outsideoftheelliyseslieintercepts
which@e nowunequivocallydividedintoreversalyointsa and b.

5. Curvesof Constant~tervalqengthVtl in

thePlaneoftheReversalValues(Isochroiies)

andTheirParticularCases

ThelengthoftheintervalsVt is.different.fw””theseperate
reversalpoints.We investigate””here”thegecnnetricalLociofall .
thereversalpointsforwhichthefol@wingintervalisofequal
length.It canbe shownthatthesegeometricallocisreellipses.

Fromtheconditionthat

followswiththe
whichmayeasily

-1-

For D <1 this

c
.—

.-

—

.
—

--
..
—

.—

—
.

—

F(tl)=0 (5.1)

aidofequation
be supplemented

[
fSgI F)~ D +

.

(2.14a)aftera fewtransformations

m Cos::;:$ “’]’%

(5.2)

..

istheequationofanelliysein theplaneof .—

reversalswith..vtlas a permter. —

.

. ----
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ThenumericalinvestigationshowsthatforthesystemA only
<

ellipsesmayappearforwhich vtl= m,forthesystem33only
>

elli~sesforwhich vtl= Z. Thisfactisimmediatelyunderstandable

ifoneconsidersthatinthesystemA thecontrolmomentessentially
strengthensandinthesystemB essentiallyweakenstherestoring
moment.A glanceat thephasecurvesofsection3 (fig.5) also .
showsthatthelengthoftheintervalcomparedto anuncontrolled
motionisdiminishedinthecaseA, increasedin thecaseB.

In section3 it hadalsobeenrecognizedthat,ifthelength
oftheintervaltl is increased,thephasecurvesfinallyno
longerintersectthelineofreversalssothatnofurtherreversal
occurs. Thelastreversalpointis called“restpoint”.W the
deflection-tfme~iagramthelimitingcaseof sucha motionappears
as indicatedinfigure16. ThislimitingcaseIs characterizedby
theadditionalcondition(besides(5.1))

i(tl) = o (5.3)

Thisequation(5.3)singlesoutsolelyoneellipsefromthe
familyofellipsesanddeterminestheperamet& tl.

Usingequation(2.14)anditsderivative,oneobtainsfr~mthe
conditions(5.1)and(5.3)thetranscendentalrelation

-+ (*1)
Cos vi - ~ sinvt~- e = O

fortheparameterVtl. It is satisfied

1)for Vtl= O

(504)-

2)fora valuedifferentfr@nzero vtl =V;l.

.
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Thislastvalueistheonethatcorrespondstothe“limltingrest
condition”._Thusan,el.lipseisdeterminedintheplaneofreversals
by vtl=vtl; itis occasionallycalledthe“largelimitingeJlipse”.

The
for D =

Suchrest
easilybe
section4

maximuminterval
0.1,thevalue

.

lengthfollowingfrcxnequation(5.4)has,

V;l% 300°
,_

pointscanoccuronlyinthesystemB. Besides,itcan
seenthatthe“smalllimitlngellipses”nmntionedin
alsobelongtothefamilyofellipsesofconstantinterval-

length.Theirper~-terhasthev~ue vtl-=O; onere~ognizesat _—
oncethatoneobtainsfra equation(5.2),by performingtherethe
limitingprocessvtlaO, theequation(4.2).

As mentionedatthebeginning,theamountofdaqingisgiven
thevalue D = 0.1 inallnumericalcalculations.“Allfiguresare
drawnaccordingly.Thefigures17aand17bshow(forreversal
pointsa)howthesmallandlargelimitingellipsesaypearwhen D ..
assumesothervalues.Thecurvesareplottedfor D = 0.1
and D = O*5. In any casethecurvesgo throughthepoimtsO and 1.
Yor D = ()the-11, ~d l~ewisethelarge,limiting-ellipseturns
intothecirclethroughthepointsO and 1 symmetricalto the
(&axis.

If oneplaces- aswe did-
-+

intotheplqneofthereversalvalues
a Certesiancoordinatesystem,thecyrvesofconstantin-terval-
lengthtl exeellipses.Withoutexplicitlycarryingat the
transformationwe wanttonotethatalltheseel.liysesbecomecircles
if oneappliesinsteadoftherectangubrtheoblique-angled
coordinatesystemthatwasusedin section3 fortheyhaseplanes
(wherethenegativeb/u-sJcisformswithtie-positive6-sxis
theangle
familyof
according

a]:Theequation(5.2)thenisthe-equation-ofthe
thesecircles;theangle u appeaaif oneln&duces it
to (2.5)insteadofthe‘uunt ofdampingD. ~

6. EnergyConsiderationandPeriodicSolutions
—

Forthe,presentproblemtheflip-flopcontrolhasthepurpose
ofachievinga muchstrongerdampingofthemationthanattained%y
meansoftheexistingdampingforcealone.However,in sucha

.

.-

.—

—.

-.
.

.
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controlledsystemnotonlydamping,butalsoperiodicandamplitude
increasingmotionsarepossiblesincethecontrolmonmntmaynot
onlyremoveenergyfromthesystembutmayalsosupplyenergyto it.

~ orderto obtaina surveyofwhereinthe cpO- +@ - plane

liethereversalvaluesfordampingandwhereforperiodicand
amplitude-increasingn@ions,we inquirefirstaboutthosemints
intheplaneofreversalvsluesfromwhichmotionsstartthatsre
deprivedofenergyor suppliedwithitby thecontrolmomnt.

Theenergysuppliedto thesystembythecontrolmomentm is
givenby theexpression

/

L
Uz= q dt (6.1)

o

With

m =Z(SgnF)M (6.2)

(theuppersignagainbeingvalidforsystemsA, thehwerfor
systemsB) itbee-s

Uz= 7 (sgnF)M (ql-Qo) (6.3a)

We nowinvestigatewhatsignthisexpressionhasforreversal
~ointsintheindividualquadrants.We considerfirstsystemA.
DI section4 we deteminedthatforsystemA reversalTointsa lie
inthesecondendthirdandreversalpoints% inthefirstand
fourthquadrants.Withreversalpointsa in systemA sgn F = –1;
withreversal~ointsb sgn 1?= 1. TJnderthefurtherassumption
thatthecourseofthemotionisalwayssuchthat q. and cpllie

ondifferentsidesofthezeropoint5,thefactor(ql-qo) becomes

5Forintervalsleadingto endpointsor startingfromstsrting
points,PO ~d gl mayha~pento havethesamesign. h thatcase

onemustconsiderthemseparately;however,theresultwillagain%e
theoneshownintable6/1.

.
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negativeformotionsstartingfromreversalpointsin,thefirstand
secondquadrant,positiveformotionsstartingfromreversalpoints

~;.-

inthethirdandfourthquadrant. —

Takingthesefactsintoconsiderationonefindsthefirstcolumn
ofthefollowingtable. —

—

Table 6/1

Sgn Uz

Motionst~tsfroma
reversal~ointin II

flystemA SystemB

1. quadrant 1 -1
20 “ -1 1

n 1 -1
t “ -1 1

._

-.

ForthesystemBfirstthefirstsignin (6.3a)is-reversed.
Furthermorethecorrelationsof (sgnF) tothereversalyointsa
and b areinterchfiged;however,sincethereversalpointsa
and b simu.ltaneoudyvarytheirpositioninthequadrants,the
correlationof (sgnF) to thequadrantsismaintained..Likewisethe
correlationofsgn(ql– cpO)to thequadrantsreminsintact.That
means thesignof Uz insystemBis,fordl quadrants,theopposite

oft,hatin systemA (column2 ofthetable6/1).

Wheresgn Uz = 1,energyis suppliedtothesystemhythe
controlmoment,wheresgn Uz = -1,energyIsremoved.“However,
whereenergyisremovedby thecontrolmomentas.wellas~bythe
damp.lngmoment,thecontrolledmotioncertainlyisdempedevenmore
stronglythantheuntiontrolledone. Where,ontheotherhqnd,ener~
isadded,itisdampedlessandtheamplitude.mayevenlecomeconstsnt
or increase.

——
Themotionsstartingfronreversalpoints.inthosequadrants _

wherethecontrolmomentsuppliesenergyniustnowbe considered.more
thoroughlyIn orderto determinethepositionofthereversalpoints
frcmwhencestartperiodic;dam~ed,oramplitude-increasingmotions.

—

.
..

—.
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Theener~ suppliedby thecontrolmomentisgivenhy
equation(6.3a);itmaybe putintheform

Uz
[

= C1 + (sgnF) 1&(q~-q.) (6.3%)

Fortheenergyconsumedly thedampingforceonehas

tl tl
Uv= / (b’@)@dt =a’28/ ‘+2dt (6.)+a)

o 0’

If oneIntroduces& accordingto equation(2.3b)andtitegrates,
oneobtains

2
“[

2iltl+(2~+u)i + e2x@@c+diUv. ~1~ e

(2G+u)i -(zk+cf)i ~ -ml *
-e —e --

De 1‘5

(6.4b)

If oneexpressesthee+unctionsbackwardsagainby Cpo,’@O/U,~,

and &l/u),oneobtains’

(6.5)

..

.
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●

� ✎✍

thetwoener~”valuesand,accordingly,for

Au=uv -

thedifferenceof

tl
Uz =

f
(b’$)@

o

f. . .

.-
b~-. —‘1

dt-
/

?@ dt

o — -. .—

r (6.6) “-
—2C2(1- IF)(1- eqbt’)

—.
First,it shallbe shownthat M vanishesforreversalpoint~ .—.-

belongingtoperiodicmotions. ..-

Theperiodic“motionsthemselvesmaybe foundwithoutanener~
_.— .—:

consideration?:Forperiodicmotionsthereexistletweenthereve~aal
valuescpO,p~u attheleginning

--.=
endthereversal -.oftheinterval

therelations —
-.valuesTlj@l/a attheendofit

—
%) =

. .

+()—=.

- .(J)l

and
‘5-I

(f5.7%) ---- :
cl) u.)

2t7● Withthe “ ‘Theperiod
aidofthe
putinthe

thenisthedoubleinterval-lengthT =
.—

equations(2.13a)and(2.13b),(6.7a)and (6.-~) my be,
form

and
+

Cos(e + U) = - cos(e + u + vtl) e —
.:

(6.8b) ‘ ‘“”
.

.
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Theequations(6.8a)and(6.8b)reprasenttworelationsbetweenthe
integrationconstantsC and e andthequantityu characteristic
ofthesystemon onehandandtheintervallengthvtl ontheother.
Ifoneexpressestheanglese end a withtheaidof (2.11)and
(2.5)by thereversalvaluescpO dand @ 0, oneachieves(aftera

longercalculation)theequations

as parametricrepresentationofthe‘curveoftheperiodicsolutions”
intheplaneofreversalvalues.

Thiscurveisa spiral-likecurve(cf.figures28aand28b);the
intervallengthtl isa pemmeter.Thecurvestsrtsfor tl = O
at theoriginofthecoordinatesystemandrunsfor tl~m toward

thepointq. = *1,$~u = O. ,ForVtl= K thecurveintersectsthe

ordinateaxis.me points Vtl < x belong(accordingto the
aforesaid)to thesystemA, thepointsvtl> x to thesystemB.
Moreover,thecurveendswhereVtl becomesv~l. Itends,therefwe,
onthe“largelimitingellipse”(whichlWits theregionoftherest
points);it canbe shownthatthatpointis simultaneouslythepoint
of intersectionwiththesmall.limitingellipse.

~ onenowsu~stitutesin (6.6) –afterhavingexpressedC
alsoby (pOand qdm - thereversalvaluesaccordingto (6.9) and

takesIntoconsiderationthatmoreoverql = WO and $l/m= -$~m,

onefinds

NJ=o
or

Uv= Uz
(6.10)

,.
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As before,thevalueD = 0.1 oftheainountofd&@ingistaken
asa basisalsoforthecurvesoff@ures27and28. Forothervalues
oftheamountofdampingthecurvesoftheperiodicmotionsaypeeras
indicatedinfigure18whichreferstoreversalpointsa. For D = O
thecurvedegeneratesintoa straightlinewhichcoincideswith
the p~m-axis. .

Furthermore,thesignassumedly theener~ difference‘zNJ
—

outsideandinsideofthecurveoftheperi~icmotions.(6.9)is
ofinterest. —

A generallyvaliddiscussionofthesignwiththeaidofthe
equation(6.6)seemsdifficult.However,a largenumhe~ofnunwrical
examplesshowthatforsystemA infirstandthirdquadrants,for
systemB inthesectorbetweenthe.qo- exisandtherayOSQ(fig.28)—
themotionsalwaysconvergetowardtheperiodicones,frcmreversal
pointsoutsideofthecurveofperiodicmotionswithdecreasing
deflectionsandfromreversalTointsinsideofthatcurvewith
increasingdeflections.Inthesectorbetweentherays”OSQandOR
themotionsgofrom“inside”pointswithincr=asifigdeflectionstoward
theperiodicones.

Thearc RS ofthecurveoftheperiodicmotionsIS~~stable”~
thatis, f’rom reversal-pointsinitsvicinitythemotiongoes?in . _
casethepointlies“inside”,towarda periodilmot”lonohthearc
sectionlyingfartherto theoutside,incasethepoint.~ies‘~outside”,-
themotionisdampedinthecustomarymanner(leadingtoa restyoint).

A goodsurveyofthecourseofthamotiondiscussedjustnowand
therewithoftheproblemoftheremovaloradditionofeggr~maybe
obtainedfromfigures19to24. Figures20,21,and24 show,against,
thenon-dimensionalintervallengthVtl,thepertinentyalueof

reversalq. at thebeginningand PI at theendoftheinterval—.
plottedforvariousvaluesp. H’oneselects..afirstrg.versal .-
point,forinstanceinfigure21,allthefollowingareeasilydetermined
by drawingina steppedline. StertingfromthereversalpointS4S

IIonenolongerobtainsan intersectionpointwiththecurvePO . The
.. —

point S4 correspondsto a pointinthedomainofthes=ll limiting

ellipse.J!’orp = O onemustplot $./O sinceall % = O,

(n= 1, 2, 3, . ..). seefigure190 For p~f~,vtl always

.-

..—.

..-
. .
.

..=.

—-
. .

—
-—

—

.

—
.

-.”-

.-
4

——

.
.-

.-.

-. . .



NACATM 1237 35

.

equalsfiand.,qoreover,@O alwaysequalszero. Thusonehasto
selecthereelso6anothermannerofplotting.We selectedtheone
usedby K.B~gel sincefor P-+=-wourproblemtransformsintothe
onetreatedbyB8gel.Forthiscasea simylerelationbetweenthe
reversalvaluesqO and ql maybe given(cf.figs.22 end23).

A furtheryroblemarisesin connectionwiththeenergyconsider-
ations.Eventhefreeoscillationofa demqedsystemcausesremoval
ofener~. IYthecontrolofthesystemisto dampthemotionmore
rapidly,thedecreaseofthemaximumdeflectionsmustbe stronger
thanforthefreeoscillation.Forthefreeoscillationther5tio

Mm-—
oftwosuccessivemaximumdeflectionsis e ~ . Forthe
controlledoscillationtheratioisnotconstant,andthetime ‘M
betweentworuxcimumdeflectionsisnotconstant,either.It is,
however,assumedthat ‘M alwaysliesbetweenthecorrelated

intervalt anK tl~ (cf.fig.25a). Thisrelationmayhe proved
11

withtheaidofthephasediagram(fig.25b).Forthisyurposethe
constructionisnotcontinuedfromthereversalpoint ‘2 inthe
customarymanner,but S2 is- sincewe areinterestedonlyinthe

absolutevaluesofthemaximumq - values- mirroredat thezero
point;thenonemaycontinueto o~erateinthesecondintervalwith
thesamepointof convergence,as cem,beunderstoodimmediately.One
has $S&S1 ‘~tll; 4Slt~2t‘vtlll; @@Sl* ‘vtMO By

constructon,

By theconstructiona simplecorrelationbetweent~
adjoiningintervallengthsisgiven.Forthisreason

andthe
thereisfor

systemA vtMS m andforsystemB n %%M sv:l (cf.P.27).

%i5gel,K.: DasVerhaltengedhpfterundaufschaukelnderfreier
SchwingerunterdergleichzeitigenEinwirkungeinerkonstanten
Reibungskreft.(Thebehaviorofdampedandamplitude-increasingfree
oscillatorsundersimultaneousinfluenceofa constantfrictional
force.)Ing.drrchiv~2,y. 247.

.
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Onemaynowplottheratiooftwosuccessivemsximmmvalues
(constructioncf.fig.25b)againstvtM (fig.26). Th~uncontroUed _-

*

oscillationisrepresentedinthisdiagramby-theyoint~ (VtM= x).

In ordertobe enabledto comparethedampingofthemotionInthe
controlledandintheuncontrolledsystem,onehasto takeinto
considerationthatinthecontrolledsystemthechangeofthemsximum
deflectionoccursatdifferenttimes.Therateofdamyinginthe

(controlledsystemis ~m
%

oftheuncontrolledmotionwasdenoted —.

Intheuncontrolledsystem,thatis,fora freedampedoscillation

—

Onlywhentheratio v VUd exceeds-ldoesthecontrolfulfill.—
purpose.Thusoneformatheratio v~vU fore@al initial

value qk = ~:

. .-
—

its —

—

—

.-

.
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Thenwnerator kl -
l%al

1 canimmediatelyhe takenfromfigure267.

(Thedenominatore &fi _ ~)VtM— representsa straightline‘IT
whichisdrawninforcmparison.Itgoesthroughthezero~ointand
throughthepointK. Forallpointslyingbelowthedrawn-in
straightline f, theratiois ‘d% >1’ ‘hat‘s’‘hecontroued
motionisdampedmcmequicklythantheuncontrolledone. ma,
however,signifiesthat,as a rule,thesystemA willhe preferable.
We shallreturnto thisproblemin section7.

7. ComprehensiveDiscussionofthePossibleCourses

ofMotion(DiscussionofFigures27 and28)

Theperceptionsgainedinthepreviousparagraphsaresummerized
infigures27 and28. - bothfiguresthetypeoflineusedindicates
thetypeofthereversalpoints:Solidcurvescorres~ondto the
reversalpointsa, dashedonestothereversalpointsb. Figures2~a
and27bshowforsystemA andforsystemB, respectively,thecurves
of constantintervallengthtl (isochrones).Hereonerecognizes
thefactmentionedin section5,thatinthesystemA theparameter

is tl~ti/v,inthesystem33,In contrast,tl~fi/v. To thefmrdly

7Regarding-theImt restinfigure26 thefollowingremarkmmt
be made: ti~. 35snuyperlimltisdeterminedforthet-
intervalv% betweenthesuccessivemximumvalues.Onlymaximum
valueswithinthesyhereofnormaloperationofthecontrolare
considered,forinstance~Gl and CFI@inthesketc~figme 263

upperright.H, huwever,inthesystemBrestoccursinthecourse
ofa motion,oneis inclinedto select(inconsider-thedanmin~of
thecontro~edsystem)asthelastpati-ofmexhmm

end WC ()ThetimeintervalvtMR betweenthese

however,maybe largerthanV?, as,canbe easily
phasecurve:

()“ ‘vtMR <2X”

maximum values,
takenfromthe
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ofthesecurvesofconstantintervallengthalsobelongthose
for tl =“()~d tl= ~1,whichhadbeendenotedasthe“smaJl”
and“large”limitingellipsesin sections4 and5,and””theproperties‘.

...

ofwhichhadbeendiscussedthere.Infigure29 thesmallandthe
largelimitingellipseare(forthesystemBandreversalyointsa)
drawnseparatelyoncemare.andthesignificanceoftheindividual
domainsresultlngfrcnnsection4 isindicated.

—
Besidesthemiallli@tlngellipseswhichenclosethed-in of

thelimitpoints,thosedogainseremarkedinthetwofigures28a
amd28b,whenceonearrivesatanendpointafteroneortitertwo
intervals.Thedotiinwhencea singleintervalleadstoanendpoint
is subdividedoncemoreanditisnotedwhetherthis.endpointlieson
thisortheothersideofthezeropoint.

.——

ForsystemB, asidefromendpoints,restpoints~fthemotion
arealsopossible.Reversalpointsinthecrescent-shapeddomains ~
leadafteroneoraftertwostepsto suchrestpoints.

.

AfteraJLthathasbeensaidsofar,thecourseofthemotion
adjoininganyreversalpointisnowclearandthusthetimehascome
todecideonwhatparametersareusefulfora desiredc.o~seforgiven “-“-
initialvalues.In section1 itwasshownthat,whentheactuel
time t isusedas independentvariable,theequation-ofmotion
containsthepemmetersD,u,3, and P. Letusassumethat D

i

and u areprescribed,thatis,thatwe are..dealingwithan
oscillatingsystemthedam~ingandnaturqlfrequencyofwhichare
given.Letthedampingbe insufficientandtherequirementbemade
thatthedampingbe improvedby applicationofan intermittent .-
control.It is,therefore,desiredtoattainintheshortestyosgi~le
time,forprescribedinitialvaluespa and @a,negligiblysmall

valuesq and ~. WemaYnowselectb/u2 and p anddecide,

moreover,oncontrolsystemA orB. U, forinstance,a large b/u2
is selected,itmayhappenthata3mostallreversalvalues pertaining
to our maximum possibleinitialvaluesfallIntothedomainofthe
smalllimitingellipse.Thatwouldmeanthatonthebasisoftheresults
ofthisrepxt (“ided”fliP-floPcontrolwithoutlag)themotionbecomes
undefinedaftera shorttimeorincreasestfi~d a ~riodic~tion ._
(cf.fig.14andp. 34). Zf,,ontheotherhand,a smallb/m2is
selected,thereversalvaluesinquestionwillliewithina domainof
theirplenewhichis SQlargethatthelimitingellipsesandthetwo
curvesoftheperiodicmotionslieentirelywithinit. ~ nowfor
instancea negativep is selected,wewouldhavein systemA fora
largedomainon initialreversalvaluesan increaseofamplitude;for

.-

—.

-.

.

.
.

.=

.

.

,.



NACATM 1237 39

.

.

positiveP, ontheotherhand,ingeneral,damyingextensioninto
thedomainofthesmalllimitingelllpsewouldoccur.Moreoverit
wouldhavetobe investigatedwhethertherateofdaqdngis
sufficientlyhigh. ~ systemBis selected,therewouldoccur,for
negativep,decreasedownto therestellipse;forpositivep an
increaseofamplitudeoccursfora lm?gedomain(withinthecurveof
theyeriodicsolutions).Sincetheellipseoftherest~ointsis
alwayslager thanthatoftheendpoints(smalllimitingell.iyse),
systemBwithnegativep frillcertainlybemoreunfavorablethanA
withpositivep. Letus,therefore,decideon systemA emd
positivep. Nowcrisestheproblemwhatmagnitudeof p to select.
Forthisyurposeonemustconsiderthecurveofdampingagainstthe
time t,thatis,thefigures19to 22 smdfigure26. Accordingto
thesefigures,oneisatfirstverymuchinclinedto selecta rather
large p. ,Huwever,thefollowingfactis opposedtothat:As we
lnmw,oneentersrathersoonthedomainofthesmalllimStingellipse
inwhichthemotion,undertheeffectofa controlwithoutlag,isno
longerdefined.Ithasleenpointedoutbefore,ony.20,thatone
againobtainsdefinedphenomenaofmotioninthisdomain,ifone

takesthelagintoconsideration(cf.thereportly K. Scholz8made
inconnectionwithourreyort).It isnowshownthat,withthese
factstakenintoconsideration,smsllervaluesof p erepreferable
sincetheycausea fasterdamyingofthemotionwithinthesmll

limitingel.lipseg.

Translated.hy MeryH.Mahler
NationalAdvisoryCommittee
forAeronautics.

8Scholz,K.: ~er dleBewegungeneinesSystemsvoneinemFrei-
heitsgradunterdemElnflusseinerSchwerzqeiss-Steuerungmit
Schaltverschielmngen.(Onthemotionsofa systemof onedegreeof
freedomundertheeffectofa fli~flopcontrolwithlagof
reversals.)

‘Prof.Fischel(DFS)calledourattentionto thefactthatit is
shownina repmt by Gelling(shortlytobe punished)thatiorvery
s~ll tiMS lags themOtiOnt~S titOa creepingt~d

(zero cp= e-t/p ● ‘
)

.

.



—J—

NACAti 123;-

r–hp< o ~p>o
<.--=. f--\

./ \
//

\\
~

.“’r
P :‘“.,,Q ~.tV/

‘ t?z .’”/’x,%% k /’/8 ‘-’y:”:e ‘ ‘\--,.’ .

—
Figure1.-Leading(~> O)andlagging(~<O)controlfunctions.

F(t) ~

[a)

—,-
Figure2.- Courseofthecontrolfunc&on~ andofthecontro~~omentm.

forsystemA andsystemB. —

.

.-
-K

.

-.

.—
.

.

. . . .

.
.

P/cd
.

.

Figure3.-Phasecurveofaharmonicoscillation.

—



NACATM 1237

1/P
v

.

.

.

.

I \ cop=dmst

Figure4.- Logarithmicspiralasphasecurveinanoblique-sngled
. coordinatesystern.

\

Figure5.- M.ervallengthsfor system A andsystemB.
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Figure7.-Phasecurveofa motionwithcontrolcomingtof‘rest.”

Figure8.- Endpoint S2 ofa motion.
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Figure10.- PhasecurveinCartesiancoordinates(schematic).
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Figure12.- Reversalpointsof a periodicmotion.
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